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LOCALLY CONFORMALLY SYMPLECTIC REDUCTION
MIRON STANCIU
Abstract. We present a reduction procedure for locally conformally
symplectic (LCS) manifolds with an action of a Lie group preserving the
conformal structure, with respect to any regular value of the momentum
mapping. Under certain conditions, this reduction is compatible with
the existence of a locally conformally Ka¨hler structure. As a special
consequence, we obtain a compatible contact reduction with respect to
any regular value of the contact momentum mapping.
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1. Introduction
The Marsden-Weinstein reduction for symplectic manifolds is a classic
and well known procedure (see [AM, pp. 298-299], [Br, ch. 7]) by which,
given a Poisson action of a Lie group on a symplectic manifold, one can pro-
duce other symplectic manifolds as quotients of level sets of the momentum
mapping. Since its introduction, the general idea has been applied to many
geometric structures (contact, Ka¨hler etc.).
In this paper we adapt the symplectic reduction to locally conformally
symplectic (briefly LCS) manifolds in a natural way. LCS manifolds are
quotients of symplectic manifolds by a discrete group of homotheties. Prod-
ucts of contact manifolds with S1 are LCS ([V]), but there are many other
examples. Equivalently, they are even-dimensional manifolds endowed with
a non-degenerate two-form ω and a closed one-form θ (called Lee form) such
that dω = θ ∧ ω.
There is a growing interest in LCS manifolds, concerning both their ge-
ometry and topology (e.g. [Ba], [CM] and the references therein). A strong
motivation for studying LCS manifolds is a recent result by Eliashberg and
Murphy [EM] proving that all compact almost complex manifolds with non-
trivial integer one-cohomology do have LCS structures, and hence these
manifolds are much more numerous than symplectic ones.
The symplectic reduction consists in the following steps:
• Using the Poisson character of the action, one constructs a momen-
tum mapping from the symplectic manifold to the dual of the Lie
algebra of the group. This will be equivariant with respect to the
group action and to the coadjoint action.
• Factoring the level set of a regular value of the momentum mapping
through the action of the stabilizer of this value. The restriction of
symplectic form to the level set will project to a symplectic form on
the quotient.
S. Haller and T. Rybicki ([HR1]) adapted this symplectic reduction to
LCS manifolds. The path chosen was to retain the idea of factoring by the
group action itself; however, in the general case, this means the level sets
of the momentum mapping no longer satisfy the hypotheses they impose.
We do the opposite: we factor the level sets of the momentum mapping,
as in the symplectic case, but not through the group action, but along a
foliation derived by “twisting” the group action. This amounts to the known
symplectic reduction if the Lee form θ is zero.
We do not ask that the group action preserve the LCS form, only the LCS
structure; however, if only the latter is true, certain additional conditions
have to be imposed. Specifically, we prove:
Theorem A (see Theorem 3.15) Let (M,ω, θ) be a connected LCS man-
ifold and G a connected Lie group acting twisted Hamiltonian on it.
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Let µ be the momentum mapping and ξ ∈ g∗ a regular value. Denote by
F = Tµ−1(ξ) ∩ (Tµ−1(ξ))ω - this is a foliation along µ−1(ξ). Assume that
one of the following conditions is met:
• The action of G preserves the LCS form ω.
• G is compact, the bilinear forms
g× g ∋ (a, b) 7→ ξ(a) ∧ θx(Xb)
are zero for all x ∈ µ−1(ξ) (here Xb is the fundamental vector field
corresponding to b ∈ g) and θ is exact on F .
If Nξ :=
µ−1(ξ)upslopeF is a smooth manifold and π : µ
−1(ξ) −→ Nξ is a sub-
mersion, then Nξ has an LCS structure such that the LCS form ωξ satisfies
π∗ωξ = e
fω|µ−1(ξ)
for some f ∈ C∞(µ−1(ξ)).
Moreover, one can take f = 0 if the action preserves the LCS form.
We then prove that this reduction along a foliation can be expressed as
a quotient of a group action of the universal algebra of the stabilizer of the
regular value ξ.
The reduction described above can produce a great number of LCS man-
ifolds, by varying either the regular value or the LCS form in its conformal
class. We show that in both cases and under certain conditions, the quo-
tients produced are cobordant.
We also prove that, with an additional hypothesis, our construction is
compatible with the existence of a complex structure i.e. if the manifold M
is locally conformally Ka¨hler (LCK for short), the resulting reduced manifold
is also LCK. The most significant of these conditions is met if the manifold
belongs to a large subclass of LCK manifolds called Vaisman.
Theorem A can be used in the contact context. Contact reduction at
regular value zero has been well established, independently, by various au-
thors (see [A], [G1], [Lo]), for some time. Lerman and Willett [LW] studied
the topological structure of contact quotients. Albert [A] in 1989 and Willett
[W] in 2002 developed different reduction procedures for non-zero regular
values; the first depends on the choice of contact form for the contact struc-
ture, the latter imposes more conditions than in the symplectic analogue.
They were later unified by Zambon and Zhu [ZZ] using groupoid actions.
Exploiting the relationship between contact and LCS manifolds, we derive
(and get a new proof of) a contact reduction method that works for any
regular value of the momentum mapping, which turns out to have the same
result as the one defined by Albert. Since we present this reduction as be-
ing naturally linked to LCS reduction, this seems to be the most natural of
the existing methods for non-zero contact reduction. As a byproduct, this
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provides a wide class of examples for the reduction method. Specifically, the
contact reduction method is described in:
Theorem B (see [A] & Theorem 5.6) Let (C,α) be a connected contact
manifold and G a connected Lie group acting on C and preserving the
contact form. Denote by R the Reeb field of C.
Let µC be the momentum mapping and ξ ∈ g
∗ a regular value. Let FC
be the foliation
(FC)x = {v ∈ Txµ
−1(ξ) | v = (Xa)x − ξ(a)Rx for some a ∈ g},
where Xa is the fundamental vector field corresponding to a ∈ g.
If Cξ :=
µ−1C (ξ)upslopeFC is a smooth manifold and π : µ
−1
C (ξ) −→ Cξ is a
submersion, then Cξ has a natural contact structure such that the contact
form αξ satisfies
π∗αξ = α.
Moreover, (S1×Cξ, dθαξ, θ) is the LCS reduction of S
1×C with respect to
the regular value −ξ.
We also prove that, if the original contact manifold is Sasaki, the reduced
space obtained via this method is also Sasaki.
The paper is organized as follows. In Section 2 we present basic facts
about LCS and contact manifolds, needed further. Section 3 is devoted to
proving Result I and determining the cobordism class of the quotients, while
Section 4 describes the conditions under which our reduction is compatible
with a complex structure. In Section 5 we discuss the contact and Sasaki
reductions and their compatibility with the LCS and LCK reductions. Sec-
tion 6 is reserved for concrete classes of examples on which we apply the
techniques developed.
2. Preliminaries
Definition 2.1: A manifold M with a non-degenerate two-form ω is called
locally conformally symplectic (for short, LCS ) if there exists a closed one-
form θ such that
dω = θ ∧ ω.
In that case, ω is called the LCS form and θ is called the Lee form1 of ω.
This notion was introduced by P. Libermann in [Li] and later studied by
J. Lefebvre [Lef] and especially I. Vaisman [V]. One can see that the name
“LCS” is justified, because the definition above is equivalent to the existence
of a cover (Uα)α and a family of smooth functions fα on each Uα such that
d(e−fαω) = 0 (see [V]).
1The name was given after H.C. Lee who discussed the problem of finding integral
factors for a nondegenerate two-form to be closed, [Lee].
LOCALLY CONFORMALLY SYMPLECTIC REDUCTION 5
It was recently proven by Y. Eliashberg and E. Murphy that LCS mani-
folds are very widespread:
Theorem 2.2: ([EM]) Let (M,J) be a closed 2n-dimensional almost com-
plex manifold and [η] a non-zero cohomology class in H1(M,Z). Then there
exists a locally conformally symplectic structure (ω, θ) in a formal homotopy
class determined by J , with θ = c · η for some real c 6= 0.
Definition 2.3: Let (M,ω, θ) be an LCS manifold. Define the twisted de
Rham operator
dθ = d− θ∧ : Ω
•(M) −→ Ω•+1(M).
In particular, dθω = 0. Since dθ = 0, we have d
2
θ = 0, so this operator
defines the so-called twisted or Morse-Novikov cohomology
H•θ (M) =
Kerdθ
Im dθ
.
The following fact underlines a first key difference between de Rham and
twisted cohomology:
Proposition 2.4: Assume M is connected and let θ be a closed 1-form.
1) If [θ] = 0, then H•θ (M) ≃ H
•(M).
2) If [θ] 6= 0, then H0θ (M) = 0.
Proof. 1) If θ = df , we define the isomorphism
ϕ : H•θ (M) −→ H
•(M), ϕ([α]) = [e−fα].
2) Assume θ is not exact and let f ∈ C∞(M), dθf = 0 i.e. df = fθ. Let
A = {x ∈M | f(x) = 0}; we first show A is an open set.
Pick x ∈ A and V ∋ x open such that θ = dg on V . Then, from 1),
d(e−gf) = 0, so it is constant on V ; since f(x) = 0, we have e−gf = 0 on
V . But since e−g 6= 0, this means V ⊂ A.
If A = ∅, then we can assume f is positive and obtain θ = dln(f), a
contradiction. Since M is connected, this leaves A =M i.e. f = 0.
Definition 2.5: In a symplectic vector space V , given a subspace W ≤ V ,
we denote by
W ω = {v ∈ V | ω(v,W ) = 0} ≤ V
the ω-dual of W . Since ω is non-degenerate, we have
dimW + dimW ω = dimV.
Note that the above sum is not necessarily direct.
Remark 2.6: The LCS condition is conformally invariant in the following
sense. If ω is an LCS form on M with Lee form θ, then efω is also an LCS
form with Lee form θ + df , for any f ∈ C∞(M). Therefore, it is sometimes
more interesting to work with an LCS structure
[(ω, θ)] = {(efω, θ + df) | f ∈ C∞(M)}
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on M rather than with particular forms in that structure. Note that a
symplectic form exists in a given LCS structure if and only if [θ] = 0 ∈
H1(M); in this case, the structure is called globally conformally symplectic
(GCS). In general, we shall not consider the GCS case.
Another way to look at LCS manifolds is via a convenient covering: let M˜
be the universal covering of the LCS manifold (M,ω, θ). Choose λ ∈ C∞(M˜)
such that dλ = π∗θ. Then we have
d(e−λπ∗ω) = 0,
so ω0 = e
−λπ∗ω is a symplectic form on the universal covering. Moreover,
for a γ ∈ Γ = π1(M), since π
∗θ is Γ-invariant, we have λ ◦ γ = λ+ rγ for a
rγ ∈ R, so we can define a representation of Γ
r : Γ −→ R, r(γ) = rγ .
As Γ can also contain ω0-symplectomorphisms, r is not injective. Factoring
through its kernel amounts to considering the minimal (symplectic) covering
as
M =
M˜upslopeKer r −→M.
This is, in fact, the smallest cover of M on which θ is exact. Then ω0
descends to a symplectic form on M and the deck group π1(M)upslopeKer r acts
on it by homotheties.
We will discuss the compatibility of our reduction with an existing com-
plex structure. This means considering a less widespread but better studied
subclass of LCS manifolds, called locally conformally Ka¨hler:
Definition 2.7: An LCS manifold (M,ω, θ) is called locally conformally
Ka¨hler (LCK) if it has a complex structure J and a J-invariant Riemannian
metric g compatible with ω i.e.
ω(·, J ·) = g(·, ·).
Definition 2.8: On an LCS manifold (M,ω, θ):
1) The vector field θω, the ω-dual of θ, is called the anti-Lee field or the
s-Lee field.
2) If the manifold is LCK, the vector field θ♯, the g-dual of θ, is called the
Lee field.
By applying the definitions, one can see that the relation between them
is
(2.1) Jθ♯ = θω.
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In this paper, for contact manifolds we adopt the following:
Definition 2.9: A manifold M2k+1 is called a contact manifold if it has a
one-form α such that α ∧ dαk 6= 0.
This is what some authors (e.g. [W]) call a co-oriented contact manifold.
For an in depth look in the theory of contact manifolds, see, for example,
[G2].
Contact and LCS manifolds are connected in a natural way (see e.g. [V]):
Proposition 2.10: Let M2k+1 be a smooth manifold with a 1-form α.
Then α is a contact form if and only if dp∗1θ(p
∗
2α) is an LCS form on
S1×M , with Lee form p∗1θ (where the Lee form θ is the angular form on S
1
and p1 and p2 are the projections on the corresponding factors).
Proof. As there is no risk of confusion, we neglect the projection mappings.
The form dθα is already dθ-closed. Notice that
(dθα)
k+1 = (dα − θ ∧ α)k+1 = −(k + 1)θ ∧ α ∧ dα,
thus
(dθα)
k+1 6= 0 if and only if α ∧ dα 6= 0.
3. LCS reduction for a Lie group action
3.1. Reduction via foliations. In order to adapt the symplectic reduction
to the LCS case, we make use of a result by Domitrz that gives a way to
construct new LCS manifolds via a reduction of any submanifold, without
the existence of a group action, if certain conditions are met:
Theorem 3.1: ([D]) Let Q be a submanifold of a locally conformally sym-
plectic manifold (M,ω, θ) and let F be the foliation TQ ∩ (TQ)ω. Assume
F has constant dimension. If N = QupslopeF is a manifold of dimension greater
than 2 and the canonical projection π : Q −→ N is a submersion, then there
exists a locally conformally symplectic form η on N and a smooth function
f on Q such that
π∗η = efω|Q
if and only if θ is exact on the foliation F , that is if there exists a smooth
function h on Q such that θ|F = dh|F .
Moreover, we can take f = h; in particular, f = 0 if θ|F = 0.
Remark 3.2: As dθω = 0, the distribution F = TQ ∩ (TQ)
ω is always in-
volutive (i.e. [X,Y ] ∈ F , for X,Y ∈ F), for any submanifold Q ⊂ (M,ω, θ).
We shall discuss the constant dimension condition for our particular types
of submanifolds in Subsection 3.3.
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3.2. Reduction via a Lie group action. Now take (M,ω, θ) a connected
LCS manifold and let G be a connected Lie group acting on it. In the
LCS setting, the analogous notions of Hamiltonian actions and momentum
mapping from the symplectic case (except for minor sign differences in some
cases, the same used by [V], [HR1], [BGP] and [I], among others) are the
following:
Definition 3.3: The action of G on M is called twisted symplectic if G
preserves the conformal LCS structure of (ω, θ) i.e.
g∗ω = eϕgω, for some ϕg ∈ C
∞(M), for all g ∈ G,
and, correspondingly,
g∗θ = θ + dϕg.
(note that, if dim(M) ≥ 4, the latter relation follows from the former).
Remark 3.4: The conformal factors have the composition rule
ϕgh = ϕg ◦ h+ ϕh, for all g, h ∈ G.
Remark 3.5: If G is compact, we can find a G-invariant form in the
conformal class of ω. Indeed, notice that
ω0 =
∫
G
g∗ω dg
is G-invariant, where dg is the Haar measure on G. Moreover,
ω0 =
∫
G
g∗ω dg =
( ∫
G
eϕgdg
)
ω,
and so is an LCS form in the same conformal class as ω. For brevity, denote
F = ln
∫
G
eϕgdg,
so that ω0 = e
Fω has the Lee form θ0 = θ + dF . This function has an
interesting behavior with respect to the G-action: for an h ∈ G, we have
h∗F = F ◦ h = ln
∫
G
eϕg◦hdg = ln
∫
G
eϕgh−ϕhdg = ln
∫
G
eϕghdg − ϕh
= F − ϕh.
(3.1)
(we used here Remark 3.4). We shall use this fact later.
Introduce the “twisted Lie derivative” operator LθX :
LθXα = LXα− θ(X)α,
for any differential form α onM . One can see that this satisfies an equivalent
of the Cartan formula:
(3.2) LθX = dθiX + iXdθ.
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For any a ∈ g, denote by Xa ∈ X (M) the corresponding fundamental vector
field. Then
LθXaω = LXaω − θ(Xa)ω
= lim
t−→0
(exp(ta))∗ω − ω
t
− θ(Xa)ω
= lim
t−→0
eϕexp(ta)ω − ω
t
− θ(Xa)ω
=
(
d
dt
∣∣
|t=0
(eϕexp(ta))− θ(Xa)
)
ω.
(3.3)
Remark 3.6: Observe that
LθXaω = fω,
for a smooth function f . However, using the Cartan formula (3.2) and
applying dθ, we see that f must be constant, so L
θ
Xa
ω = caω for some
ca ∈ R, for each a ∈ g. Again from (3.2), note that
dθ(iXaω) = caω,
so the dual of Xa via ω is not dθ - closed, an important difference from the
case of symplectic actions.
Definition 3.7: The action is called twisted Hamiltonian if iXaω is dθ -
exact, for all a ∈ g.
Remark 3.8: For later use, note that for a twisted Hamiltonian action,
(3.3) implies
(3.4)
d
dt |t=0
(eϕexp(ta)) = θ(Xa), for all a ∈ g.
Assume from now on that θ is not exact (i.e. M is not GCS). Then
H0θ (M) = 0 (see Proposition 2.4), so there is a unique choice of ρa ∈ C
∞(M)
such that
dθρa = iXaω.
Definition 3.9: The LCS momentum mapping µ : M −→ g∗ associated to
a twisted Hamiltonian action is
µ(x)(a) = ρa(x), for all a ∈ g.
Remark 3.10: If an action of G on (M,ω, θ) is twisted Hamiltonian with
momentum mapping µ, then the same action on (M,efω, θ + df) is still
twisted Hamiltonian with momentum mapping efµ.
Lemma 3.11: In the conditions above:
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1) The map ρ : g −→ C∞(M) is a Lie algebra homomorphism, with respect
to the twisted Poisson bracket on C∞(M), defined as:
{f, g}θ = ω((dθf)
ω, (dθg)
ω),
where, for a 1-form α, αω is the ω-dual of α.
2) If ω is G-invariant, the momentum mapping µ :M −→ g∗ is equivariant
with respect to the coadjoint action on g∗.
3) If G is compact, µ satisfies a twisted equivariance:
µ(g · x) = eϕgg · µ(x), for all g ∈ G,x ∈M
(see [HR1] for equivalent formulations).
Proof. 1) Since for any a ∈ g, ρa is uniquely determined, we only need to
prove that {ρa, ρb}θ satisfies the required condition for ρ[a,b] i.e.
dθ{ρa, ρb}θ = iX[a,b]ω.
Indeed,
dθ{ρa, ρb}θ = dθ(ω((dθρa)
ω, (dθρb)
ω)) = dθ(ω(Xa,Xb))
= dθiXbiXaω = L
θ
Xb
iXaω − iXbdθiXaω.
As [LθX , iY ] = i[X,Y ] and the action is twisted Hamiltonian, so L
θ
Xa
ω =
LθXbω = 0, we have:
LθXbiXaω − iXbdθiXaω = i[Xb,Xa]ω + iXaL
θ
Xb
ω − iXb(L
θ
Xaω − iXadθω)
= i[Xb,Xa]ω = iX[a,b]ω,
which proves the claim.
2) Recall the definition of the coadjoint action of G on g∗: Ad∗(g)(ξ)(a) =
ξ(Ad(g−1)a). The condition that µ is equivariant is then equivalent to
(3.5) ρa(g · x) = ρAd(g−1)a(x), for all x ∈M, a ∈ g.
We mimic the proof of the analogue fact in the symplectic case (see [Br,
pp. 119-120]).
Since G is connected and both sides of (3.5) are G-actions, we only need
to prove the formula for g = exp(tb) for any b ∈ g and t ∈ R i.e.
ρa(exp(tb) · x) = ρAd(exp(−tb))a(x).
Moreover, since this is true for t = 0, it is enough to prove that the deriva-
tives of the two sides are equal.
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For the left hand side,
d
dt
ρa(exp(tb) · x) = dρa(Xb(exp(tb) · x))
= ω(Xa(exp(tb) · x),Xb(exp(tb) · x))
+ θ(Xb)(exp(tb) · x) · ρa(exp(tb) · x)
= ω(XAd(exp(−tb))a(x),XAd(exp(−tb))b(x))
= ω(XAd(exp(−tb))a(x),Xb(x))
where, on the third equality, we have used (3.4) to get θ(Xb) = 0, the identity
g∗(Xa(x)) = XAd(g)a(g · x)
and that ω is G-invariant.
As for the right hand side, using point 1), we have
d
dt
ρAd(exp(−tb))a(x) = ρ[−b,Ad(exp(−tb))a](x) = −{ρb, ρAd(exp(−tb))a}θ(x)
= ω(XAd(exp(−tb))a(x),Xb(x)).
3) Take ω0 the G-invariant LCS form in the conformal class of ω, as
described in Remark 3.5 and take
F = ln
∫
G
eϕgdg,
so ω0 = e
Fω. According to point 2), its momentum mapping, denoted by
µ0, is equivariant; from Remark 3.10, µ0 = e
Fµ.
Then
µ(g · x) = e−F (g·x)µ0(g · x)
= e−F (x)+ϕg(x)g · µ0(x) by (3.1)
= eϕg(x)g · µ(x).
3.3. Constancy of the rank of the characteristic distribution. Our
aim is that the LCS reduction be a reduction along a foliation on a level set
of µ (as it is in the symplectic case). Let ξ be a regular value of µ. With
Theorem 3.1 in mind, we study the behavior of θ on the distribution F =
Tµ−1(ξ)∩ (Tµ−1(ξ))ω , which we call characteristic distribution. We already
know it is involutive (see Remark 3.2); next, we find sufficient conditions for
it to have constant rank.
Take x ∈M and v ∈ Txµ
−1(ξ) = Ker dµ. Then, for all a ∈ g,
0 = dxµ(v)(a) = dxρa(v)
= (iXaω)(v) + θ(v)µ(x)(a)
= ω(Xa, v) + θ(v)ξ(a)
= ω(Xa + θ
ωξ(a), v),
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where θω is the s-Lee field (see (2.1)). This means that
(3.6) (Tµ−1(ξ))ω = {Xa + ξ(a)θ
ω | a ∈ g}.
Remark 3.12: Note the difference with the symplectic case, where the
symplectic dual of the level sets was the G-orbit. In fact, this intersects the
tangent space of the orbit along a hyperplane, specifically the kernel of ξ.
Lemma 3.13: G acts on θω via the formula
g∗θ
ω = e−ϕg−1θω − d(e−ϕg−1 )ω
Proof. Indeed, for an x ∈M and X ∈ X (M),
ωx(g∗(θ
ω
g−1x),Xx) = ωx(g∗(θ
ω
g−1x), g∗g
−1
∗ Xx) = (g
∗ω)g−1x(θ
ω
g−1x, g
−1
∗ Xx)
= eϕg(g
−1x)ωg−1x(θ
ω
g−1x, g
−1
∗ Xx)
= e−ϕg−1 (x)θg−1x(g
−1
∗ Xx) = e
−ϕg−1 (x)((g−1)∗θ)x(Xx)
= e−ϕg−1 (x)(θ + dϕg−1)(Xx)
= e−ϕg−1 (x)θ − d(e−ϕg−1 )(Xx).
Lemma 3.14: Let (M,ω, θ) be a connected LCS manifold with a twisted
Hamiltonian action of the connected Lie group G and ξ a regular value of
the momentum mapping µ. Assume that one of the following conditions is
met:
• The action of G preserves the LCS form ω.
• G is compact and ξ ∧ θx(X·) = 0 for all x ∈ µ
−1(ξ).
Then the distribution F = Tµ−1(ξ) ∩ (Tµ−1(ξ))ω is of constant rank.
Proof. Take an x ∈ µ−1(ξ). Since ξ is a regular value, dimTxµ
−1(ξ) =
dimM − dimG, so
dim(Txµ
−1(ξ))ω = dimG.
This means that the linear mapping
(3.7) ψ : g −→ (Txµ
−1(ξ))ω , ψ(a) = Xa + ξ(a)θ
ω
is an isomorphism.
Since ω is G-invariant or G is compact, recall from Lemma 3.11 that µ is
twisted equivariant (this defaults to equivariancy in the first case):
µ(g · x) = eϕgg · µ(x), for all g ∈ G, x ∈M.
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An element v ∈ Txµ
−1(ξ) ∩ (Txµ
−1(ξ))ω then satisfies:
0 = dxµ(v) = dxµ(Xa + ξ(a)θ
ω)
=
d
dt
∣∣
t=0
(µ(exp(ta) · x)) + ξ(a)dxµ(θ
ω)
=
d
dt
∣∣
t=0
(eϕexp(ta) exp(ta) · µ(x)) + ξ(a)dxµ(θ
ω)
=
d
dt
∣∣
t=0
(eϕexp(ta))ξ +
d
dt t=0
(exp(ta) · ξ) + ξ(a)dxµ(θ
ω)
= θ(Xa)ξ + (Ad
∗)∗(a)(ξ) + ξ(a)dxµ(θ
ω)
= (Ad∗)∗(a)(ξ) + (ξ ∧ θx(X·))(·, a).
(3.8)
For the last equality, we have used that, for any b ∈ g,
dxµ(θ
ω)(b) = dxρb(θ
ω) = ωx(Xb, θ
ω) + ρb(x)θx(θ
ω) = −θx(Xb).
In both cases, our hypotheses imply that ξ∧ θx(X·) = 0 (see 3.4), so (3.8)
gives a characterization of the elements of the foliation F :
v = Xa + ξ(a)θ
ω ∈ Txµ
−1(ξ) ∩ (Txµ
−1(ξ))ω = Fx if and only if a ∈ gξ,
where gξ is the Lie algebra of Gξ. In particular,
Fx ≃ gξ,
via the restriction of ψ, which guarantees the dimension of F is constant on
µ−1(ξ).
3.4. The reduction theorem. We now have all the facts needed to state
and prove our main result:
Theorem 3.15: Let (M,ω, θ) be a connected LCS manifold and G a con-
nected Lie group acting twisted Hamiltonian on it.
Let µ be the momentum mapping and ξ ∈ g∗ a regular value. Denote by
F = Tµ−1(ξ) ∩ (Tµ−1(ξ))ω. Assume that one of the following conditions is
met:
• The action of G preserves the LCS form ω.
• G is compact, ξ ∧ θx(X·) = 0 for all x ∈ µ
−1(ξ) and there exists a
function h on µ−1(ξ) such that θ|F = dh.
If Nξ :=
µ−1(ξ)upslopeF is a smooth manifold and π : µ
−1(ξ) −→ Nξ is a sub-
mersion, then Nξ has an LCS structure such that the LCS form ωξ satisfies
π∗ωξ = e
fω|µ−1(ξ)
for some f ∈ C∞(µ−1(ξ)).
Moreover, one can take f = h; in particular, f = 0 if the action preserves
the LCS form.
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Proof. From Lemma 3.14 we obtain that, in either case, F has constant rank
and is thus a foliation. In the second case, with the assumption that θ is
exact along F , we are already fully in the conditions of Theorem 3.1, and
the proof is concluded.
If ω is G-invariant. According to Theorem 3.1, it is sufficient to prove
that θ is exact on elements of the form described by equality (3.6). In fact,
we will show it is zero. For this, recall formulae (3.3) and (3.4). Since θ is
also G-invariant, we have
θ(Xa) = 0, for all a ∈ g,
thus
(3.9) θ(Xa + ξ(a)θ
ω) = 0,
and the conclusion follows immediately, allowing us to choose f = 0.
Remark 3.16: One can see that, if the manifold on which G acts is
symplectic and the action admits a symplectic momentum mapping, our
procedure gives precisely the classical reduction scheme.
Remark 3.17: (Reduction at zero) If 0 is a regular value of the momentum
mapping, then the reduction at zero does not depend on the choice of form
in the LCS structure. This is in sharp contrast with the non-zero case, where
the level sets themselves can vary wildly. One can also see that in this case,
factoring by the given foliation is the same as factoring by G itself.
The factorization via the foliation F can also be seen to be a quotient via
a group action; the difference from the symplectic case is that, in most cases,
this will be a quotient via the action of the universal cover of the stabilizer
Gξ:
Proposition 3.18: There is an action of G˜ξ on µ
−1(ξ) such that, under
the conditions of Theorem 3.15,
Nξ =
µ−1(ξ)upslopeG˜ξ
.
Proof. Consider the map
ψ : gξ −→ F ⊂ X (µ
−1(ξ)), ψ(a) = Xa + ξ(a)θ
ω.
This can be seen to be a Lie algebra anti-isomorphism. Indeed,
[ψ(a), ψ(b)] = [Xa + ξ(a)θ
ω,Xb + ξ(b)θ
ω]
= [Xa,Xb] + [ξ(b)Xa − ξ(a)Xb, θ
ω]
= −X[a,b] + Lξ(b)Xa−ξ(a)Xbθ
ω.
(3.10)
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We will calculate the last term separately, using Lemma 3.13 and (3.4):
Lξ(b)Xa−ξ(a)Xbθ
ω = ξ(b) lim
t−→0
(eta)∗θ
ω − θω
t
− ξ(a) lim
t−→0
(etb)∗θ
ω − θω
t
= ξ(b) lim
t−→0
e−ϕexp(−ta)θω − d(e−ϕexp(−ta))ω − θω
t
− ξ(a) lim
t−→0
e−ϕexp(−tb)θω − d(e−ϕexp(−tb))ω − θω
t
= lim
t−→0
ξ(b)(e−ϕexp(−ta) − 1)θω − ξ(a)(e−ϕexp(−tb) − 1)θω
t
+ lim
t−→0
ξ(a)d(e−ϕexp(−tb))ω − ξ(b)d(e−ϕexp(−ta))ω
t
= (ξ(b)θ(Xa)− ξ(a)θ(Xb))θ
ω
+ ξ(a)
d
dt |t=0
d(e−ϕexp(−tb))ω − ξ(b)
d
dt |t=0
d(e−ϕexp(−ta))ω
= (ξ(b)θ(Xa)− ξ(a)θ(Xb))θ
ω
+ ξ(a)(d(
d
dt |t=0
e−ϕexp(−tb)))ω − ξ(b)(d(
d
dt |t=0
e−ϕexp(−ta)))ω
= (ξ(b)θ(Xa)− ξ(a)θ(Xb))θ
ω + ξ(a)d(θ(Xb))
ω − ξ(b)d(θ(Xa))
ω
= (ξ(b)θ(Xa)− ξ(a)θ(Xb))θ
ω + d(ξ(a)θ(Xb)− ξ(b)θ(Xa))
ω
= 0,
the last equality following from a hypothesis of the reduction theorem. Com-
ing back to (3.10), we have
(3.11) [ψ(a), ψ(b)] = −X[a,b].
On the other hand,
(3.12) ψ([a, b]) = X[a,b] + ξ([a, b])θ
ω;
define extension by left invariance for ξ, a and b on G:
α ∈ Ω1(G), αg = (Lg−1)
∗ξ,
Y ∈ X (G), Yg = (Lg)∗a, ∀g ∈ G.
Z ∈ X (G), Zg = (Lg)∗b,
Note that the flows of Y and Z are φXt (g) = g · e
ta and φYt (g) = g · e
tb,
respectively. Notice that, because a ∈ gξ, α is invariant under the flow of
X:
((φXt )
∗α)g(v) = αg·eta((φ
X
t )∗v) = αg·eta((Reta)∗v)
= ξ((Le−ta)∗(Lg−1)∗(Reta)∗v)
= (eta · ξ)((Lg−1)∗v) = ξ((Lg−1)∗v)
= αg(v).
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Then
ξ([a, b]) = αe(LXY ) = αe(
d
dt |t=0
(φX−t)∗Yeta) =
d
dt |t=0
αe((φ
X
−t)∗Yeta)
=
d
dt |t=0
((φX−t)
∗α)eta(Yeta) =
d
dt |t=0
(αeta(Yeta))
=
d
dt |t=0
ξ(b) = 0.
(3.13)
The conclusion follows from (3.11), (3.12) and (3.13).
Using the Lie-Palais Theorem ([M, p. 1047]), it follows that there is an
action of G˜ξ on µ
−1(ξ) with ψ as its differential. Thus,
µ−1(ξ)upslopeF =
µ−1(ξ)upslopeG˜ξ
.
3.5. Cobordism class of the quotient. A natural question to ask, since
the reduction described above produces a great number of LCS manifolds
(either by varying the regular value or the LCS form in its conformal class),
is whether there is any connection between them. This is what we study for
the rest of this section.
Proposition 3.19: Let (M,ω, θ) be a connected LCS manifold and G a
compact Lie group acting twisted Hamiltonian on it. Let µ be the momentum
mapping and
γ : [0, 1] −→ g∗
a smooth path from ξ0 to ξ1. Assume that the hypotheses of Theorem 3.15
are met for all γ(t), 0 ≤ t ≤ 1 and, furthermore, that dimGγ(t) is constant.
Then the LCS manifolds Nξ0 and Nξ1 are cobordant.
Proof. Consider
S := µ−1(Im γ).
Then S is a submanifold with boundary of M , since all γ(t) are regular
values. More precisely,
∂S = µ−1(ξ0) ∪ µ
−1(ξ1),
so it is a cobordism between the two level sets. Define the foliation F on S:
Fx = Txµ
−1(µ(x)) ∩ (Txµ
−1(µ(x)))ω , x ∈ S.
Notice that F contains all the foliations that are the object of the previous
theorem, for all regular values γ(t). In particular, it is tangent to the level
sets of µ, has constant dimension by assumption and its leaves are the leaves
of all those foliations.
Since all γ(t) satisfy the hypotheses of Theorem 3.15, the set
N := SupslopeF (=
⋃
0≤t≤1
Nγ(t))
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is a smooth manifold with boundary ∂N = Nξ0∪Nξ1 and so is the cobordism
we wanted.
Something similar happens when we vary the LCS form ω in its confor-
mal class. For this, recall Remark 3.10: if a twisted Hamiltonian G-action
on (M,ω, θ) has the momentum mapping µ, then the same G-action on
(M,efω, θ + df) is still twisted Hamiltonian and has the momentum map-
ping efµ, which in turn has wholly different level sets.
Proposition 3.20: Let (M,ω, θ) be a connected LCS manifold and G a
compact Lie group acting twisted Hamiltonian on it. Let µ be the momentum
mapping and
f : [0, 1] −→ C∞(M)
a smooth path. Let ξ ∈ g∗ and assume that the hypotheses of Theorem 3.15
are met for all G-actions on (M,eftω, θ + dft) with regard to the fixed value
ξ.
Denote by µt the momentum mapping corresponding to the LCS form e
ftω
(so µt = e
ftµ) and by N tξ the LCS manifold given by Theorem 3.15 applied
to each such form.
Then the LCS manifolds N0ξ and N
1
ξ are cobordant.
Proof. Consider the map
H : M × [0, 1] −→ g∗, H(·, t) = µt.
Since ξ is a regular value for each µt, the set
S := H−1(ξ)
is a submanifold with boundary of M × [0, 1],
∂S = µ−10 (ξ) ∪ µ
−1
1 (ξ).
Again define the foliation F on S:
Fx,t = T(x,t)µ
−1
t (ξ) ∩ T(x,t)µ
−1
t (ξ)
eftω, x ∈ S.
Notice that F contains all the foliations that are the object of the previous
theorem, for all G-actions on (M,eftω). In particular, it is tangent to the
level sets of the µt-s, has constant dimension equal to dimGξ and and its
leaves are the leaves of all those foliations.
Since all LCS forms eftω satisfy the hypotheses of Theorem 3.15, the set
N := SupslopeF (=
⋃
0≤t≤1
N tξ)
is a smooth manifold with boundary ∂N = N0ξ ∪ N
1
ξ and so is the desired
cobordism.
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4. Compatibility with a complex structure
We now discuss the conditions under which our reduction is compatible
with a complex structure. This is similar to Ka¨hler reduction, except we
will give the necessary conditions under which the complex structure on the
manifold descends naturally to the quotient, as a ‘shifting trick’ (see e.g.
[Br, pp. 135-137]) is not possible in the LCK setting (because a product of
LCK manifolds has no natural LCK structure).
Take (M,J, g, ω, θ) an LCK manifold with a twisted hamiltonian action of
the compact, connected Lie group G. Recall the notation from the previous
section for the conformal factors involved:
h∗ω = eϕhω, for all h ∈ G.
The following proposition describes the relationship between the effect of G
on the metric g and on the complex structure J :
Proposition 4.1:
1) If G acts on the metric g conformally i.e.
h∗g = eψhg, for all h ∈ G,
then ϕh = ψh for all h ∈ G and J is G-invariant (i.e. the action is
holomorphic).
2) If the action is holomorphic, then h∗g = eϕhg, for all h ∈ G.
Proof. Both are straightforward calculations:
1) Observe that ψ satisfies the same composition rule as ϕ, described in
Remark 3.4; in particular, ψh = −ψh−1 ◦ h. Take x ∈ M , v,w ∈ TxM and
h ∈ G. Then
gx(h
−1
∗ Jh∗v,w) = gx(h
−1
∗ Jh∗v, h
−1
∗ h∗w) = ((h
−1)∗g)h(x)(Jh∗v, h∗w)
= eψh−1 (h(x))gh(x)(Jh∗v, h∗w) = −e
−ψh(x)ωh(x)(h∗v, h∗w)
= −e−ψh(x)(h∗ω)x(v,w) = −e
ϕh(x)−ψh(x)ωx(v,w)
= eϕh(x)−ψh(x)gx(Jv,w),
so
h−1∗ Jh∗ = e
ϕh−ψhJ.
But since the left-hand side is also a complex structure, we obtain ϕh = ψh
and J is G-invariant.
2) Again for x ∈M , v,w ∈ TxM and h ∈ G, we have
(h∗g)x(v,w) = gh(x)(h∗v, h∗w) = ωh(x)(h∗v, Jh∗w) = ωh(x)(h∗v, h∗Jw)
= (h∗ω)x(v, Jw) = e
ϕh(x)ωx(v, Jw)
= eϕh(x)g(v,w),
the conclusion we wanted.
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We can now give the reduction theorem for LCK manifolds; besides the
restrictions present in the Ka¨hler setting (see [Br, p. 137]), the necessary
requirement is that the s-Lee field θω be holomorphic i.e. Lθ♯J = 0.
Theorem 4.2: Let (M,J, g, ω, θ) be a connected LCK manifold and G a
connected Lie group whose action on M is twisted Hamiltonian and holo-
morphic.
Let µ be the momentum mapping and ξ ∈ g∗ a regular value. Denote by
F = Tµ−1(ξ) ∩ (Tµ−1(ξ))ω. Assume that one of the following conditions is
met:
• The action of G preserves the LCS form ω.
• G is compact, ξ ∧ θx(X·) = 0 for all x ∈ µ
−1(ξ) and there exists a
function h on µ−1(ξ) such that θ|F = dh.
Assume further that Gξ = G and that the s-Lee field θ
ω is holomorphic.
If Nξ :=
µ−1(ξ)upslopeF is a smooth manifold and π : µ
−1(ξ) −→ Nξ is a
submersion, then Nξ has an LCK structure (Jξ, gξ , ωξ, θξ) which satisfies
π∗ωξ = e
fω|µ−1(ξ)
for some f ∈ C∞(µ−1(ξ)).
Moreover, one can take f = h; in particular, f = 0 if the action preserves
the LCK form.
Proof. We already know from Theorem 3.15 that Nξ has the LCS form ωξ
satisfying
π∗ωξ = e
fω|µ−1(ξ)
for an f ∈ C∞(µ−1(ξ)).
We now show how one can define an almost complex structure on the
quotient. Take x ∈ µ−1(ξ). Recall from Lemma 3.14 that, since Gξ = G,
we have
(Txµ
−1(ξ))ω = {Xa + ξ(a)θ
ω | a ∈ g} ⊂ Txµ
−1(ξ),
so F = (Tµ−1(ξ))ω.
For brevity, denote by Ax = (Txµ
−1(ξ))ω and take Bx = A
⊥
x ∩ Txµ
−1(ξ).
Consequently,
Bx = {v ∈ TxM | g(v,w) = ω(v,w) = 0,∀w ∈ Ax}.
This proves that Bx is J-invariant, since then
(4.1) JBx = {v ∈ TxM | g(Jv,w) = ω(Jv,w) = 0,∀w ∈ Ax} = Bx.
Moreover, J is constant along F (i.e. the foliation F is holomorphic):
For any v = Xa + ξ(a)θ
ω ∈ F ,
(4.2) LvJ = LXaJ + ξ(a)LθωJ = 0.
since J is G-invariant and we assumed θω is holomorphic.
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Note that π∗|Bx : Bx −→ Tπ(x)Nξ is an isomorphism. Equations (4.1) and
(4.2) then allow us to define a complex structure Jξ on Nξ:
(Jξ)π(x)(v) = π∗|Bx(Jx(π∗|Bx)
−1(v)).
We can now define gξ on Nξ by gξ(·, ·) := ωξ(·, Jξ ·). Its pullback is
(π∗gξ)x(v,w) = (gξ)x(π∗v, π∗w) = (ωξ)x(π∗v, Jξπ∗w)
= (ωξ)x(π∗v, π∗Jw) = (π
∗ωξ)x(v, Jw)
= ef(x)ωx(v, Jw) = e
f (x)g(v,w), ∀v,w ∈ Bx,
thus π∗gξ = e
fg|µ−1(ξ) on the horizontal space Bx. In particular, gξ is a
Riemannian metric.
We now only have to show that Jξ is in fact integrable. But this follows
from the Newlander-Nirenberg Theorem (see [NN]), as we can relate the
Nijenhuis tensors of J and Jξ via the projection:
π∗NJ(v,w) = NJξ(π∗v, π∗w), ∀v,w ∈ Bx.
To make the reduction work in the LCK setting, we had to add two extra
hypotheses: Gξ = G and that the s-Lee field is holomorphic.
The first was to ensure that we can find a J-invariant subspace (denoted
by Bx above). This condition is the same for Ka¨hler reduction done without
resorting to the ‘shifting trick’, and is assured, for example, if G is abelian.
The second is unique to the locally conformal setting, and is satisfied for
a large subclass of LCK manifolds:
Definition 4.3: An LCK manifold (M,J, g, ω, θ) is called Vaisman if
∇θ = 0,
where ∇ is the Levi-Civita connection of g.
Proposition 4.4: (see e.g. [DO]) Equivalently, an LCK manifold (M,J, g, ω, θ)
is Vaisman if Lθ♯g = 0 (the Lee field is Killing).
For Vaisman manifolds, the Lee field θ♯ is holomorphic (see e.g. [DO]).
But, as remarked in (2.1), θω = Jθ♯, and the set of holomorphic vector fields
is closed under J (this can be seen by applying the Nijenhuis tensor).
On the other hand, under certain conditions, the converse is also true. In
a recent result, A. Moroianu, S. Moroianu and Ornea [MMO] showed that a
compact LCK manifold whose Lee field is holomorphic and satisfies one of
two conditions must be Vaisman:
Theorem 4.5: ([MMO]) Let (M,J, g, θ) be a compact LCK manifold with
holomorphic Lee field θ♯. Suppose that one of the following conditions is
satisfied:
(i) The norm of the Lee form θ is constant, or
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(ii) The metric g is Gauduchon (which means by definition that the Lee
form θ is co-closed with respect to g).
Then (M,J, g) is Vaisman.
Observe that the first hypothesis is satisfied and the second is unneeded
for the regular value ξ = 0. The reduction then coincides with the one
already studied by Gini, Ornea and Parton [GOP].
We end the section by studying the conditions under which the Vaisman
structure on M carries over to the reduced space. It turns out that an
additional condition about the group action is necessary:
Corollary 4.6: Under the conditions of Theorem 4.2, if M is Vaisman,
the action of G preserves the Riemannian metric (equivalently, preserves the
LCK form), and the Lee field θ♯ is tangent to µ−1(ξ), then (Nξ, Jξ , gξ , θξ) is
also Vaisman.
Proof. There are a several ways to prove that, in this case, the defining
equation of the Vaisman manifold can be pushed down to the quotient. We
give one below:
Since G preserves the LCK form, recall from Theorem 4.2 that we have
π∗ωξ = ω|µ−1(ξ), which implies π
∗gξ = g|µ−1(ξ) on the horizontal space and
π∗θξ = θ|µ−1(ξ).
According to Proposition 4.4, we need to prove that L
θ
♯
ξ
gξ = 0 (the dual
here is with respect to gξ).
Take x ∈ µ−1(ξ). Recall the previous notations: Ax = (Txµ
−1(ξ))ω and
Bx = A
⊥
x ∩ Txµ
−1(ξ). Notice that, since θ|Ax = 0 and θ
♯
x ∈ Txµ
−1(ξ), we
have θ♯ ∈ Bx i.e. the Lee field is horizontal with respect to the submersion.
Moreover, for a v ∈ Bx,
(gξ)π(x)(π∗θ
♯
x, π∗v) = (π
∗gξ)x(θ
♯
x, v) = gx(θ
♯
x, v) = θx(v)
= (θξ)π(x)(π∗v),
i.e. the Lee field is projectable and π∗θ
♯ = θ♯ξ.
Take two vector fields X and Y tangent to µ−1(ξ) which are projectable
and horizontal (since π is a surjective Riemannian submersion, every vector
field on Nξ is the projection of exactly one such vector field). Then
L
θ
♯
ξ
gξ(π∗X,π∗Y ) = Lπ∗θ♯gξ(π∗X,π∗Y ) = Lθ♯g(X,Y ) = 0,
which concludes the proof.
In subsection 5.2, we will study a class of Vaisman manifolds and Lie
group actions for which the conditions above are satisfied.
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5. Contact reduction
Contact reduction has been studied by many authors, the earliest work
being by Guillemin and Sternberg [GS], referring to reduction of symplectic
cones. Geiges [G1] showed that, under certain conditions, the quotient of
the zero level set of the momentum mapping by the group action was nat-
urally endowed with a contact structure. Lerman and Willett [LW] studied
the topological structure of contact quotients and later Willett [W] gave a
new contact reduction method that, under certain conditions and factoring
not the level sets of the momentum mapping but preimages of rays through
regular values, produced a quotient with a contact structure that depended
only on the initial contact structure and not on the form itself. Earlier,
Albert [A] had given another type of contact reduction that did factor level
sets of the momentum mapping, much like the symplectic case, this con-
struction however depending crucially on a choice of contact form in the
contact structure (see [W, Appendix]).
Applying our LCS reduction described in Section 3 to a contact setting
is the next logical step and will come naturally, as we shall see below. Com-
paring it with Albert’s reduction (originally given intrinsically), we will find
that the resulting quotient equipped with a contact form is the same (again,
see [W, Appendix]), although obtained by different methods.
We now apply the results of the previous section to the contact context.
Consider an action of a Lie group G on a contact manifold (C,α) such
that α is G-invariant.
Definition 5.1: The contact momentum mapping is defined as
µC : C −→ g
∗, µC(x)(a) = αx(Xa),
where, as in the previous section, Xa is the fundamental vector field, given
by the action, corresponding to a ∈ g.
Claim 5.2: The contact momentum mapping is equivariant.
Proof. This is a standard check using only the definition:
µC(g · x)(a) = αg·x(Xa(g · x)) = αg·x(g∗g
−1
∗ Xa(g · x))
= (g∗α)x(g
−1
∗ Xa(g · x)) = αx(g
−1
∗ Xa(g · x))
= αx
(
d
dt
∣∣
t=0
((g−1 exp(ta)g) · x)
)
= αx
(
d
dt
∣∣
t=0
((g−1 exp(ta)g) · x)
)
= αx(XAd(g−1)(a)) = (g · µc(x))(a).
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5.1. Contact reduction and compatibility with LCS reduction. Let
(C,α) be a contact manifold. Then M = S1 × C carries an LCS structure,
given by
ω = dθα
where the Lee form θ is the angular form on S1 (see Proposition 2.10); we
commit a slight abuse by neglecting the projection mappings.
Extend the action of G on C to M = S1 × C trivially:
g · (t, x) = (t, g · x), t ∈ S1, x ∈ C.
This is a twisted symplectic action, since it actually preserves the LCS form.
As there is no risk of confusion, we denote the new fundamental vector fields
Xa, too. In fact,
0 = LθXaα = dθ(α(Xa)) + iXaω,
so we see that the action is twisted Hamiltonian with the momentum map-
ping
(5.1) µ :M −→ g∗, µ(t, x) = −µC(x).
Consequently, the level sets are products:
µ−1(ξ) = S1 × µ−1C (−ξ).
Now assume that −ξ is a regular value for the contact momentum mapping
µC (equivalently, that ξ is a regular value for the LCS momentum mapping).
If the other hypotheses of Theorem 3.15 are met (namely, that the quotient
µ−1(ξ)upslopeF is a manifold and the projection is a submersion), this creates an
LCS manifold Nξ. Denote by (ωξ, θξ) its LCS couple. We then have that
π∗ωξ = ω|µ−1(ξ) and π
∗θξ = θ|µ−1(ξ).
Claim 5.3: Nξ is a product.
Proof. Indeed, recall the proof of Theorem 3.15: the foliation F has elements
of the form
v = Xa + ξ(a)θ
ω.
But Xa is tangent to C, and so is θ
ω, since
θ(θω) = 0 if and only if θω ∈ Ker θ = TC,
so F is tangent to C. Denote by
φt : S
1 × C −→ S1 × C, φt(s, x) = (s+ t, x);
since φ∗tω = 0, F|{t}×C is independent of t as a foliation on C - denote it by
FC .
We come to the conclusion that the quotient Nξ is itself of product form,
say
Nξ = S
1 × Cξ,
and
Cξ =
CupslopeFC .
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Claim 5.4: Cξ has a contact form, descending from α on C.
Proof. Step 1. α descends to Cξ.
We need to prove that, for a v ∈ FC , we have α(v) = 0 and Lvα = 0.
In a point (t, x) ∈ µ−1(ξ) = S1 × µ−1C (−ξ),
α(v) = α(Xa + ξ(a)θ
ω) = α(Xa) + ξ(a)α(θ
ω)
= µC(x)(a) + ξ(a)α(θ
ω) = −ξ(a) + ξ(a)α(θω).
(5.2)
Remember that, since (C,α) is a contact manifold, we have a direct sum
T (S1 × C) = TS1 ⊕Ker dα
∣∣
C
⊕Kerα
∣∣
C
,
where the first two terms are 1-dimensional, the latter being generated by
the Reeb field of the contact manifold C. Moreover
(5.3) α(w) = 0 if and only if w = 0, for any w ∈ Ker dα
∣∣
C
.
First, since Ker θ = TC = Ker dα
∣∣
C
⊕ Kerα
∣∣
C
, we obtain θω ∈ (Ker θ)ω.
But
(5.4) (Ker θ)ω = Ker dα
∣∣
C
Indeed, for a u ∈ Ker dα
∣∣
C
and a w ∈ Ker θ, we have
ω(u,w) = (dθα)(u,w) = dα(u,w) − (θ ∧ α)(u,w) = 0,
hence Ker dα
∣∣
C
⊆ (Ker θ)ω, and the equality follows since they are both
1-dimensional.
Coming back, we have
(5.5) θω ∈ (Ker θ)ω = Ker dα
∣∣
C
⊂ Ker dα.
Now,
α(θω) = ω(αω, θω) = (dθα)(α
ω , θω)
= dα(αω , θω)− (θ ∧ α)(αω , θω)
= −(θ ∧ α)(αω , θω) = −θ(αω)α(θω)
= (α(θω))2.
So α(θω) satisfies the equation
x2 − x = 0.
As θω has no zeros, (5.3) implies that x 6= 0, and hence
α(θω) = 1.
This together with (5.5) implies that θω is the Reeb field.
Coming back to (5.2), we find
(5.6) α(v) = −ξ(a) + ξ(a)α(θω) = −ξ(a) + ξ(a) = 0.
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We can now also prove that α is constant along the flow of a v ∈ FC i.e.
Lvα = 0. Indeed, since θ(v) = 0, we have
(5.7) Lvα = L
θ
vα = iv(dθα) + dθ(α(v)) = ivω
∣∣
C
= 0.
Finally, put (5.6) and (5.7) together:
Lvα = α(v) = 0 on C for any v ∈ FC ,
so we can define a 1-form αξ on Cξ such that π
∗αξ = α.
Step 2. αξ is a contact form.
One way to see this is to exploit the relation with the reduced LCS man-
ifold: since ω = dθα, we have
π∗(dθξαξ) = dπ∗θξπ
∗αξ = dθα = ω = π
∗ωξ,
so dθξαξ = ωξ, the very LCS form given by the reduction of Theorem 3.15.
This means that αξ is a contact form on the manifold Cξ (see Proposition 2.10).
Remark 5.5: There is at least one other way to check equality (5.6) which
involves less calculations, but doesn’t come with the benefit of finding the
Reeb field along the way. Notice that (Kerα)ω = TS1. Indeed, for a u ∈
TS1 ⊂ Ker α and a w ∈ Ker α, we have
ω(u,w) = dα(u,w) − θ ∧ α(u,w) = 0,
and the equality follows since both spaces are 1-dimensional. Then we find
that
TS1 ⊂ Tµ−1(ξ) implies Tµ−1(ξ)ω ⊂ (TS1)ω = Ker α.
We gather all we have just proven in the following:
Theorem 5.6: Let (C,α) be a connected contact manifold and G a con-
nected Lie group acting on C and preserving the contact form. Denote by
R the Reeb field of C.
Let µC be the momentum mapping and ξ ∈ g
∗ a regular value. Let FC be
the foliation
(FC)x = {v ∈ Txµ
−1(ξ) | v = (Xa)x − ξ(a)Rx for some a ∈ g},
where Xa is the fundamental vector field corresponding to a ∈ g.
If Cξ :=
µ−1C (ξ)upslopeFC is a smooth manifold and π : µ
−1
C (ξ) −→ Cξ is a
submersion, then Cξ has a natural contact structure such that the contact
form αξ satisfies
π∗αξ = α.
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Moreover, (S1 ×Cξ, dθαξ, θ) is the LCS reduction of S
1 ×C with respect to
the regular value −ξ.
Remark 5.7: The manifold obtained through Theorem 5.6 is the same as
the one obtained through Albert’s reduction - see [A] and [W, Appendix].
Remark 5.8: One can see that this reduction is compatible with the
already existing one for regular value 0 (i.e. the one described in [G1]).
This is because the LCS reduction for regular value 0 is just the quotient
via the group action (see Remark 3.17).
5.2. Sasakian reduction. We now show that this reduction method is
compatible with the existence of a Sasaki structure on the contact manifold,
hence allowing for the definition of a Sasakian reduction for non-zero regular
values compatible with the LCK reduction of Section 4. A similar result was
proved in [DrO] for Willet’s [W] version of contact reduction.
Definition 5.9: A contact manifold (S, α) endowed with a Riemannian
metric gC is called Sasaki if S × R is Ka¨hler with the natural metric and
symplectic form:
g = et(gC + dt
2),
ω = d(etα).
Remark 5.10: One can also give an intrinsic definition for a Sasaki man-
ifold - see e.g. [Bl].
Remark 5.11: Using the above definition of Sasaki manifolds and the
property of LCK manifolds to be covered by Ka¨hler manifolds, one can
easily prove the following compatibility between the two:
A contact manifold with a Riemannian metric (C,α, g) is Sasaki if and
only if S1 × C is LCK with the product metric and LCS form:
g = gC + dt
2,
ω = dθα.
From Proposition 4.4 we see that, in this case, S1×C is in fact Vaisman.
We use this characterization to give the proof of Sasakian reduction:
Theorem 5.12: In the conditions of Theorem 5.6, if C is Sasaki, then the
reduced space Cξ carries a natural Sasaki structure.
Proof. In view of Remark 5.11 and Theorem 4.2, we only need to show that
the metric gξ on S
1 × Cξ is of product type i.e. gξ = gCξ + dt
2. But this
follows from the way it is constructed: recall that π∗gξ = g|S1×µ−1(−ξ) on
the horizontal space of the submersion.
Note that we have used the fact that S1×C is Vaisman in order to apply
Theorem 4.2; in turn, since the LCK quotient is also a product of S1 with
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a Sasakian manifold, it follows that it is also Vaisman. Another way to see
this is by applying Corollary 4.6, as Vaisman manifolds of type S1×S with
S Sasaki satisfy the additional condition imposed.
Remark 5.13: For ξ = 0, one recovers the reduction of Sasakian manifolds
as introduced in [GO] (see also [BS]).
6. Examples of LCS reduction
6.1. Reducing the global conformal structure of Cn. Consider the
standard Ka¨hler form on Cn,
ω0 = −i
n∑
j=1
dzj ∧ dzj = −2
n∑
j=1
dxj ∧ dyj ,
and the standard action of S1 on Cn,
eit · z = eit · (z1, ..., zn) = (e
it · z1, ..., e
it · zn).
We denote by Yf the Hamiltonian vector field of a smooth function f with
regard to the standard metric ω0.
Proposition 6.1: This action is Hamiltonian with momentum mapping
µ : Cn −→ R, µ(z) = ‖z‖2.
Proof. Notice that ω0 = dη, where η = −
∑n
i=1(xidyi−yidxi) is S
1-invariant.
Thus, keeping the notations of Section 3,
0 = LX1η = iX1ω0 + dη(X1),
where X1 is the fundamental vector field corresponding to 1 ∈ R as the dual
of the Lie algebra of S1, X1 =
d
dt
(eit ·z) =
∑n
j=1(xi
∂
∂yi
−yi
∂
∂xi
), so the action
is Hamiltonian and
µ(z) = ρ1(z) = −η(X1)(z) = ‖z‖
2.
Remark 6.2: The symplectic reduction of (Cn, ω0) with respect to this
S1-action at regular value ǫ > 0 is S2n−1/S1 = CPn−1 with symplectic (in
fact Ka¨hler) form ǫ · ωFS, where ωFS is the Fubini-Study metric.
Furthermore, by considering the action of S1 on C× Cn,
eit · (w, z) = (e−itw, eitz),
which is still Hamiltonian with momentum mapping µ(w, z) = ‖z‖2 − |w|2,
the reduction at ǫ > 0 is the blow-up of Cn at the origin (see [Ler]).
These quotient manifolds are easy to understand because the momentum
mappings have nice level sets. However, the LCS reduction techniques we
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developed allow us to greatly expand the range of codimension-1 submani-
folds of Cn that can be factored to produce symplectic manifolds:
Proposition 6.3: Let f : Cn −→ R be a smooth function and ξ > 0 such
that
(6.1) ef(z)‖z‖2 = ξ =⇒ dxf 6= −2
z
‖z‖2
, for all z ∈ Cn.
If the level set µ−1f (ξ) = {z ∈ C
n | ef(z)‖z‖2 = a} factored along the
foliation
Fz = 〈X1 + ξe
−f(z)Yf 〉
is a smooth manifold Nξ, then Nξ has a unique symplectic structure ωξ
satisfying π∗ωξ = ω0.
Proof. This is a consequence of Theorem 3.15:
Consider the globally conformally symplectic form ωf = e
fω0 on Cn.
Then the action of S1 is twisted Hamiltonian with momentum mapping
µf = e
f‖z‖2. Condition (6.1) just means that ξ is a regular value of µf .
In this particular case, the characteristic foliation becomes
Tµ−1f (ξ) ∩ (Tµ
−1
f (ξ))
ωf = (Tµ−1f (ξ))
ωf
= {Xa + (ξ · a)θ
ωf | a ∈ R}
= 〈X1 + ξe
−fYf 〉,
since θ = df and (df)ωf = e−f (df)ω0 = e−fYf .
The additional hypotheses of the theorem are met: θ = df is obviously
exact and the bilinear forms ξ ∧ θz(X·) are trivially zero, since they are
defined on a 1-dimensional space. It follows that the LCS form ωξ on Nξ is
in fact symplectic, since it satisfies π∗ωξ = e
−fefω0 = ω0.
6.2. Reducing Hopf manifolds. We now look at the reduction of LCS
Hopf manifolds i.e. S1 × S2n−1.
The standard action of S1 on Cn described in Subsection 6.1 can be
restricted to the standard S1-action on the contact manifold S2n−1 ⊂ Cn.
It then follows (see e.g. [W, Example 2.7]) that the contact momentum
mapping is just the restriction of µ, so the contact sphere has constant
momentum mapping µC = 1.
Coming to the Hopf manifold H = (S1 × S2n−1, ω = dθα) with the S
1
action on the second factor, we obtain from (5.1) that its momentum map-
ping is constant µ0 ≡ −1. This means that neither reduction results in
Theorem 3.15 or Theorem 5.6 are directly applicable, because the only in-
teresting value ξ = −1 is not regular.
However, recall that Theorem 3.15 works even if the LCS form is not
invariant under the group action, so we may replace ω by another form in
its conformal class ωf = e
fω with momentum mapping µf = e
f ·(−1) = −ef
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(see Remark 3.10). This in turn gives a great flexibility in terms of the level
set:
Remark 6.4: For any manifold M and any closed hypersurface N ⊂ M ,
there exists an f ∈ C∞(M) having 0 a regular value and N = f−1(0).
Proof. Indeed, we can take f = (d(·, N))2, where d is the distance induced
by the LCK metric on H (or any other Riemannian metric).
Take f ∈ C∞(S1 × S2n−1) with 0 a regular value (equivalently, −1 is
a regular value for µf = −e
f ). Then the foliation that µ−1f (−1) must be
quotiened to, according to (3.6), is
Fx = (Txµ
−1(−1))ωf = 〈X1 + ξ(1)(θ + df)
ωf 〉R = 〈X1 − (θ + df)
ω〉R,
for all x ∈ f−1(0) (we took into account that f = 0 on µ−1f (−1) by defini-
tion). This can be further simplified: recall from Subsection 5.1 that θω is
the Reeb field of S2n−1, θω = X1 = R, so
(6.2) Fx = 〈Yf 〉,
where, again, Yf is the Hamiltonian vector field of f with regard to the
canonical symplectic form ω on H.
We combine this fact with the LCS reduction Theorem 3.15 to obtain
Proposition 6.5: Let f : (S1 × S2n−1, ω, θ) −→ R be a smooth function
with 0 a regular value. Assume θ is exact along the foliation F = 〈Yf 〉 on
f−1(0).
If f
−1(0)upslopeF is a smooth manifold N , then N has a unique LCS structure
ωN satisfying π
∗ωN = ω.
Remark 6.6: A special case of f : S1 × S2n−1 −→ R satisfying the above
criteria is one for which θ(Yf) = 0. This means
(6.3) (Ker df)ω ⊂ Ker θ ⇐⇒ (Ker θ)ω ⊂ Ker df.
But (Ker θ)ω = 〈X1〉, so, looking at the Hopf fibration H:
0 S1 S2n−1 CPn−1
p
0
condition (6.3) means that f = g ◦ (id, p) for some g : S1 × CPn−1 −→ R
having 0 a regular value. If G = g−1(0) ⊂ S1 × CPn−1, then f−1(0) is the
total space of the fibration (S1 ×H)|G.
Example 6.7: Consider g : S1 × CP2 −→ R,
g(eit, [z1 : z2 : z3]) =
Re(z1z2)
|z1|2 + |z2|2 + |z3|2
,
for which 0 is a regular value. Let f = g ◦ p : S1×S3 −→ R as above. Then
f−1(0) = S1 × {(z1, z2, z3) ∈ S
5 | Re(z1z2) = 〈z1, z2〉 = 0}
and f
−1(0)upslopeYf has an LCS structure, according to Proposition 6.5.
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6.3. Reducing the cotangent bundle. Another example of manifolds
where LCS reduction is applicable are the cotangent bundles:
Remark 6.8: ([HR2]) In addition to the canonic symplectic structure, the
cotangent bundle of a given manifold Q has various LCS structures: consider
the tautological 1-form η on T ∗Q, defined in any point αx ∈ T
∗
xQ by
ηαx(v) = αx(π∗v).
Then, for any θ a closed 1-form on Q, ωθ = dπ∗θη is an LCS form on T
∗Q
(which is not globally conformally symplectic unless θ is exact).
We start by proving a few facts about extending Lie group actions on Q
to actions on its cotangent bundle:
Proposition 6.9: Let Q be n-dimensional smooth manifold with a (left) Lie
group action of G. Suppose Q and G are connected. Denote by Xa ∈ X (Q)
the fundamental vector field corresponding to an a ∈ g.
Pick θ ∈ Ω1(Q) closed and suppose θ(Xa) = 0, for all a ∈ g.
Then:
(i) There exists a natural action of G on T ∗Q. Denote by X˜a ∈ X (T
∗Q)
its fundamental vector fields.
(ii) X˜a and Xa are π-related: π∗(X˜a) = Xa.
(iii) The action is twisted Hamiltonian with respect to the LCS structure
(T ∗Q,ωθ, θ). Moreover, it preserves ωθ.
(iv) The momentum mapping of this actions is µ(αx)(a) = −αx(Xa).
Proof. (i) We define the (left) action of G on T ∗Q by push-forward:
g · αx = g∗(αx) ∈ T
∗
g·xQ, ∀αx ∈ T
∗
xQ.
Note that η is G-invariant:
(g∗η)αx(v) = ηg·αx(g∗v) = (g · αx)(π∗g∗v) = (g∗αx)((πg)∗v)
= (g∗αx)((gπ)∗v) = αx(g
−1
∗ g∗π∗v) = αx(π∗v)
= ηαx(v), ∀v ∈ TαxT
∗Q.
(ii) Indeed,
π∗((X˜a)αx) = π∗(
d
dt |t=0
(eta · αx)) =
d
dt |t=0
(π(eta · αx))
=
d
dt |t=0
(eta · (παx)) =
d
dt |t=0
(eta · x) = (Xa)x.
(iii) Denote θ˜ = π∗θ. Then
LX˜a θ˜ = d(θ˜(X˜a)) + iX˜adθ˜ = d(θ(Xa)) = 0.
Together with the fact that η is also G-invariant, we obtain that ωθ =
d
θ˜
η is G-invariant. Furthermore,
0 = Lθ˜
X˜a
η = d
θ˜
(η(X˜a)) + iX˜adθ˜η = dθ˜(η(X˜a)) + iX˜aωθ,
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so the action is twisted Hamiltonian with ρa(αx) = −ηαx(X˜a).
(iv) It then follows by definition that µ(αx)(a) = −αx(Xa).
This leads directly to the following consequence of the LCS reduction
theorem Theorem 3.15:
Proposition 6.10: Let Q be a connected manifold and G a connected Lie
group acting on it. Let θ ∈ Ω1(Q) be closed and suppose θ(Xa) = 0, for all
a ∈ g.
Let µ be the momentum mapping of the corresponding twisted Hamilton-
ian action of G on T ∗Q and ξ ∈ g∗ a regular value. Let F = Tµ−1(ξ) ∩
(Tµ−1(ξ))ω.
If Nξ :=
µ−1(ξ)upslopeF is a smooth manifold and π : µ
−1(ξ) −→ Nξ is a sub-
mersion, then Nξ has an LCS structure such that the LCS form ωξ satisfies
π∗ωξ = ωθ |µ−1(ξ).
Example 6.11: Let Q = S1 × S3 with the induced Riemannian metric g0
and the standard action of S1 on the second factor. Since S3 is parallelizable,
T ∗(S1×S3) ≃ S1×S3×R4; denote by R,A,B ∈ X (S3) the canonical linearly
independent vector fields on S3 arising from the identification of R4 with
the quaternion field H (i.e. Rq = i · q,Aq = j · q and Bq = k · q for any
q ∈ H), R = X1 being the Reeb vector field, and by V the unitary vector
field on S1.
Remark 6.12:
(1) For any quaternion q ∈ S3, the standard S1-action is simply the
multiplication in H.
(2) The vector fields R and V are S1-invariant.
(3) For any t and any q ∈ S3, we have
(eit)∗Aq = cos 2t ·Aeit·q + sin 2t · Beit·q
(eit)∗Bq = − sin 2t · Aeit·q + cos 2t ·Beit·q.
Proof. (1) Indeed, we have the identification
C2 ∋ (z1, z2)↔ z1 + jz2 ∈ H.
Then
eit · q = eit · (z1 + jz2) = e
it · (z1, z2) = (e
itz1, e
itz2)
= eitz1 + je
−itz2 = e
it(z1 + jz2).
(2) This is obvious, as S1 acts only on S3 and R is a fundamental vector
field of the action.
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(3) Using (1), we calculate the push-forward of Aq by the action of e
it
as a free vector in R4, since the multiplication by eit is linear:
eit · Aq = e
it · jq = eitje−it(eitq) = e2itj(eitq)
= cos 2t · j(eitq) + i sin 2t · j(eitq)
= cos 2t · Aeit·q + sin 2t ·Beit·q.
Similarly,
eit · Bq = e
2itk(eitq) = cos 2t · k(eitq) + i sin 2t · k(eitq)
= cos 2t · Beit·q − sin 2t ·Aeit·q.
Consider the fibration
0 S1 × S1 S1 × S3 S1 × S2
p
0
Let θ ∈ Ω1(S1 × S3) be closed such that θ(R) = 0. This means that
θ = p∗η, for some closed form η on S1 × S2.
According to Remark 6.12 and since the metric g0 is S
1-invariant, the
corresponding action on T ∗(S1 × S3) ≃ S1 × S3 × 〈V ♯, R♯, A♯, B♯〉 is
(6.4) (z, x, (v, r, a, b))
eit·
−−→ (z, eit · x, (v, r, e−2it · (a, b))).
i.e. it induces a rotation of the opposite angle on the 〈A♯, B♯〉 plane.
According to Proposition 6.9, the momentum mapping of the S1 action
on T ∗(S1 × S3) is
µ : T ∗(S1 × S3) −→ R,
µ(vV ♯x + rR
♯
x + aA
♯
x + bB
♯
x) = −(vV
♯
x +R
♯
x + aA
♯
x + bB
♯
x)(Rx) = −r
i.e. the projection (with reversed sign) on the first factor of R4. In particu-
lar, every value is regular.
Consider the quotient of the 0-level set by the group action described in
(6.4). We have
µ−1(0) = S1 × S3 × 〈V ♯〉 × 〈A♯, B♯〉,
so
µ−1(0)upslopeS1 = S
1 × R× (S
3 × 〈A♯, B♯〉)upslopeS1
as the action is trivial on S1 and its cotangent space.
We claim (S
3 × 〈A♯, B♯〉)upslopeS1 ≃ T
∗(CP1). For this, it is easier to look
at the general form of the action on the cotangent bundle (as defined in
Proposition 6.9) rather than the concrete formula in (6.4). Indeed, denote
by π : S3 −→ CP1 the Hopf projection and consider the mapping
ϕ : (S
3 × 〈A♯, B♯〉)upslopeS1 −→ T
∗(CP1),
ϕ([q, αq ])(w[q]) = (αq, vq), where vq ∈ 〈A
♯, B♯〉 with π∗(vq) = w[q]
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(here we denoted by ( , ) the duality mapping between T ∗q (CP
1) and Tq(CP
1)).
One can see that ϕ is correctly defined, as
ϕ([eit · q, (e−it)∗αq])(w[q]) = ((e
−it)∗αq, (e
it)∗(vq)) = (αq, vq),
and it is a diffeomorphism.
It follows from Proposition 6.10 that, for any θ as above, the reduction at
regular value 0 is T ∗(S1 × CP1) (see Remark 3.17) with LCS form ωη and
Lee form η, as in Remark 6.8.
Now take θ ∈ Ω1(S1 × S3) to be the angular form coming from S1. This
satisfies θ(R) = 0. One can check (in local coordinates) that θωθ = V ∈ TS1
the unitary vector field tangent to S1. We can then identify the reduced
space up to diffeomorphism using Proposition 3.18:
Nr =
(S1 × 〈V ♯〉 × S3 × {−r} × 〈A♯, B♯〉)upslope〈X˜1 + rV 〉
≃ S1 × (〈V
♯〉 × S3 × {−r} × 〈A♯, B♯〉)upslopeR,
where the action of R on 〈V ♯〉 × (S3 × {−r} × 〈A♯, B♯〉) is defined by
s · (t, x) = (t+ rs, eis · x),
for any x ∈ S3 × 〈A♯, B♯〉. But then Nr can be understood from a more
general remark:
Remark 6.13: Let M be a manifold with an S1 action. Define an action
of R on R×M by
s · (t, x) = (t+ rs, eis · x), ∀x ∈M,
for some r ∈ R. Then
(R×M)upslopeR ≃M.
Proof. First, notice that via a normalization, we can assume r = 1. Define
the mapping
(R×M)upslopeR ∋ (̂t, x) −→ e
−it · x ∈M.
This can be seen to be a diffeomorphism.
We then have, according to Proposition 6.10, that, for any r ∈ R, the
manifold
Nr = S
1 × (S3 × {−r} × 〈A♯, B♯〉)
has an LCS structure.
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